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INJECTIVE HULLS OF SIMPLE MODULES OVER NILPOTENT LIE COLOR
ALGEBRAS
CAN HATI˙POG˘LU
Abstract. Using cocycle twists for associative graded algebras, we characterize finite dimensional
nilpotent Lie color algebras L graded by arbitrary abelian groups whose enveloping algebras U(L) have
the property that the injective hulls of simple right U(L)-modules are locally Artinian. We also collect
together results on gradings on Lie algebras arising from this characterization.
1. Introduction
When Jategaonkar proved in [10] that fully bounded Noetherian rings satisfy Jacobson’s conjecture,
a key step in his proof was to observe that over such rings finitely generated essential extensions of
simple modules were Artinian. This created an interest in this finiteness property, and a number of
Noetherian rings have been studied in relation with it. The obvious question whether this property
was shared by every Noetherian ring was answered negatively by Musson in [12, 13].
Recall that a module M is said to be locally Artinian if every finitely generated submodule of it is
Artinian. For a Noetherian ring A, finitely generated essential extensions of simple right modules are
Artinian if and only if the property
(⋄) Injective hulls of simple right A-modules are locally Artinian
is satisfied. We should stress that property (⋄) is sufficient for a Noetherian ring to satisfy Jacobson’s
conjecture.
Interest in property (⋄) have increased in recent years, with Noetherian down-up algebras having
this property have been characterized in a series of papers by Carvalho et al. [5], Carvalho and
Musson [6] and Musson [14]. Later, finite dimensional solvable Lie superalgebras over algebraically
closed fields whose enveloping algebras have property (⋄) have been characterized in [9] and then a
characterization of Ore extensions k[x][y;α, d] of k[x] having property (⋄) has been obtained in [4].
Most recently, a characterization involving torsion theories and some sufficient conditions have been
given by the author in [8].
Lie color algebras are natural generalizations of Lie superalgebras. In this note we show using a
technique which is sometimes called “Scheunert’s trick”, that the result on nilpotent Lie superalgebras
could easily be generalized to nilpotent Lie color algebras. The characterization of nilpotent Lie super-
algebras L with property (⋄) has shown that it only depends on the even part of the Lie superalgebra.
We will see that the same holds in this more general setting of Lie color algebras.
Some word on notation. In the rest of the paper, we assume that k is an algebraically closed field
of characteristic zero, G is an additive abelian group and all the graded rings and modules are graded
by G. The group of nonzero elements of k will be denoted by k∗.
2. Cocycle Twists of Associative Graded Algebras and Property (⋄)
Let A be a graded associative algebra over k. That is, A is a graded k-vector space and there is a
family {Ag | g ∈ G} of subspaces of A such that A = ⊕g∈GAg and AgAh ⊆ Ag+h for every g, h ∈ G.
The set of all g ∈ G such that Ag 6= 0 is called the support of the grading. A nonzero element a of Ag
is said to be a homogeneous element of degree g, and in this case we will write |a| = g to indicate the
degree of a.
A graded right A-module is a right A-module M such that there exists a family {Mg | g ∈ G} of
k-subspaces of M such that M = ⊕g∈GMg and for every g, h ∈ G we have MgAh ⊆ Mg+h. For a
graded ring A, we will denote the category of graded right A-modules by Gr-A and Mod-A will denote
the category of right A-modules.
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By a 2-cocycle on G we mean a map σ : G×G −→ k∗ which satisfies
(2.1) σ(a, b)σ(a + b, c) = σ(b, c)σ(a, b + c)
for all a, b, and c ∈ G. For our purposes, we will also assume that a 2-cocycle σ satisfies the normal-
ization condition σ(0, 0) = 1. It follows from this assumption that σ(a, 0) = σ(0, a) = σ(0, 0) = 1.
Note that if σ is a 2-cocycle, then the map σ−1 : G×G −→ k∗ defined by
σ−1(a, b) =
1
σ(a, b)
is also a 2-cocycle.
Let σ be a 2-cocycle on G. The cocycle twist of the algebra A is the algebra Aσ whose underlying
G-graded vector space is the same as A, and whose multiplication is defined as
(2.2) a ·σ b = σ(|a|, |b|)ab
for every homogeneous elements a, b ∈ A. Observe that the defining relation (2.1) of a 2-cocycle is ex-
actly what is needed for the twisted algebra Aσ to be an associative algebra, because, for homogeneous
elements a, b, c ∈ A we have
a ·σ (b ·σ c) = a ·σ (σ(|b|, |c|)bc) = σ(|a|, |b|+ |c|)σ(|b|, |c|)abc = σ(|a|, |b|)σ(|a|+ |b|, |c|)abc = (a ·σ b) ·σ c
There is a corresponding relation between the categories of graded modules over A and its cocycle
twist Aσ. LetM be a graded right A-module. We define a right Aσ-module structure on M as follows.
For homogeneous elements a ∈ Aσ and m ∈M , we define the action of a on m by
m ∗σ a = σ(|a|, |m|)ma.
where the action on the right hand side is the right A-action on M . We will shortly see that this
defines an equivalence of categories between the categories of graded right modules Gr-A and Gr-Aσ
but first we need to introduce more terminology.
For a graded right module M over A and g ∈ G, we define the g-suspension of M to be the
graded right A-module M(g) = ⊕h∈GM(g)h where M(g)h = Mg+h. This defines a functor Tg :
Gr-A −→ Gr-A by letting Tg(M) = M(g). For G-graded rings A and B, Gordon and Green [7] call
a functor F : Gr-A −→ Gr-B a graded functor if it commutes (in the appropriate categories) with
the g-suspension functor for every g ∈ G. A graded functor U : Gr-A −→ Gr-B is called a graded
equivalence if there is a graded functor V : Gr-B −→ Gr-A such that V U ≃ 1Gr-A and UV ≃ 1Gr-B .
If this is the case, the categories Gr-A and Gr-B are said to be graded equivalent. We are ready to
state the following lemma.
Lemma 2.1. Let A be a graded ring and σ be a 2-cocycle on G. Then Gr-A is graded equivalent to
Gr-Aσ.
Proof. Let (−)σ : Gr-A −→ Gr-Aσ denote the functor which assigns to each graded right A-module
M the twisted module Mσ, leaving homomorphisms unchanged. Since the functor does not change
the underlying G-grading on M , it is clear that it commutes with the suspension functor Tg for every
g ∈ G. Moreover, if we let σ−1 : G × G −→ k∗ be the 2-cocycle defined by σ−1(a, b) = 1
σ(a,b) , then
we have (Mσ)σ
−1
= M and hence (−)σ
−1
◦ (−)σ ≃ 1Gr-A and similarly (−)
σ ◦ (−)σ
−1
≃ 1Gr-Aσ . So it
follows that the categories Gr-A and Gr-Aσ are graded equivalent. 
We would like to connect (⋄) property of A to that of Aσ. We already know that there is an
equivalence of categories between Gr-A and Gr-Aσ, so that the (⋄) property for graded injective hulls
passes from Gr-A to Gr-Aσ. The question is whether the same is true for the categories Mod-A and
Mod-Aσ . It turns out that this is indeed the case, as the following result shows that graded equivalences
between graded module categories give rise to Morita equivalences between module categories.
Theorem 2.2 ([11], Theorem 1.3. See also [7] Theorem 5.4.). Let A and B be G-graded rings. Let
ΦA (resp. ΦB) denote the forgetful functor Gr-A −→ Mod-A (resp. Gr-B −→ Mod-B). Then the
following statements are equivalent.
(i) The categories Gr-A and Gr-B are graded equivalent;
(ii) There is a Morita equivalence L : Mod-A −→ Mod-B and a graded functor F : Gr-A −→ Gr-B
such that ΦB ◦ F = L ◦ ΦA;
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(iii) There exists an object P ∈ Gr-A such that ΦA(P ) is a finitely generated projective generator
in Mod-A and the graded ring EndA(P ) is isomorphic to B as graded rings.
Since (⋄) is a Morita invariant property, the next result follows from the above theorem.
Corollary 2.3. Let A be a G-graded associative k-algebra and let σ be a 2-cocycle on G. Then A has
property (⋄) if and only if Aσ does.
3. Cocycle twists of Lie color algebras
A commutation factor ε on G with values in k∗ is a mapping ε : G×G −→ k∗ such that
ε(a, b)ε(b, a) = 1, ε(a, b+ c) = ε(a, b)ε(a, c), ε(a+ b, c) = ε(a, c)ε(b, c)
for all a, b, c ∈ G. It is easy to see from the definition that ε(a, a) = ±1 for every a ∈ G and accordingly
we define two sets G+ = {a ∈ G | ε(a, a) = 1} and G− = {a ∈ G | ε(a, a) = −1}. Here, G+ is a
subgroup of G of index at most two and G− is the other coset when the index of G+ is two.
A G-graded Lie color algebra L with a commutation factor ε is a G-graded vector space L = ⊕g∈GLg
with a bracket operation [, ] : L× L −→ L which satisfies [Lg, Lh] ⊆ Lg+h for all g, h ∈ G, along with
color skew symmetry and color Jacobi identities:
(3.1) [x, y] = −ε(|x|, |y|)[y, x],
(3.2) [[x, y], z] = [x, [y, z]] − ε(|x|, |y|)[y, [x, z]]
for all homogeneous elements x, y, z of L. For example, if ε is chosen to be the trivial commutation
factor defined by ε(a, b) = 1 for all a, b ∈ G, then L is nothing but a G-graded ordinary Lie algebra.
If G = Z2 and ε is defined as ε(a, b) = (−1)
ab for all a, b ∈ Z2, then L is a Lie superalgebra.
Like the superalgebra case, we have the notion of even and odd elements for Lie color algebras. For
a Lie color algebra L, we define two sets L+ = ⊕g∈G+Lg and L− = ⊕g∈G−Lg. The elements of L+ are
called even while the elements of L− are called the odd elements of L.
The universal enveloping algebra U(L) of a Lie color algebra L is defined as
U(L) = T (L)/J(L)
where T (L) is the tensor algebra of L and J(L) is the ideal of T (L) which is generated by the elements
x⊗ y− ε(|x|, |y|)y⊗x− [x, y] for every homogeneous elements x, y of L. The enveloping algebra U(L)
of a Lie color algebra is a G-graded associative algebra and it is well-known that when L is finite
dimensional U(L) is Noetherian.
Let L be a G-graded Lie color algebra with a commutation factor ε. For a 2-cocycle σ on G, if we
define a new multiplication on L by
(3.3) [x, y]σ = σ(|x|, |y|)[x, y]
for every homogeneous elements x and y of L, then with this multiplication Lσ becomes a G-graded
Lie color algebra with commutation factor ε′ = εδ where ε′(a, b) = ε(a, b)δ(a, b) and δ(a, b) =
σ(a, b)/σ(b, a) for all a, b ∈ G.
The descending central sequence of a Lie color algebra L is defined as
C0(L) = L, Cn+1(L) = [Cn(L), L], ∀n ≥ 0.
L is called nilpotent if Cn(L) = 0 for some n. Before we proceed any further, we note the following
easy fact that being nilpotent is preserved under cocycle twists.
Lemma 3.1. Let L be a G-graded Lie color algebra and let σ be a 2-cocycle on G. Then, L is nilpotent
if and only if Lσ is nilpotent.
Proof. Obviously, C0(Lσ) = L = C(L). It is also clear that as k-spaces Ci+1(Lσ) = Ci+1(L) for any
i ≥ 0. Hence, Cn(L) = 0 if and only if Cn(Lσ) = 0, i.e. L is nilpotent if and only if Lσ is nilpotent. 
Cocycle twists can be applied to pass from a Lie color algebra to a Lie superalgebra and we briefly
explain this process now. Let L be a G-graded Lie color algebra with a commutation factor ε. If σ is
a 2-cocycle on G, we know that Lσ is a G-graded Lie color algebra with a commutation factor ε′ = εδ,
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where δ is as in the lemma. Let ε0 : G×G −→ k
∗ denote the superalgebra commutation factor, which
is defined by the rule
ε0(a, b) = 1
if a ∈ G+ or b ∈ G+ and
ε0(a, b) = −1
when both a, b ∈ G−. The following result is the crucial step in the process of passing from a Lie color
algebra to a Lie superalgebra.
Theorem 3.2. [2, Theorem 2.3] Let G be an arbitrary abelian group, and k an arbitrary commutative
ring with 1 and with group of units k∗. Then for any commutation factor ε : G×G −→ k∗ there exists
a 2-cocycle σ : G×G −→ k∗ such that if we set δ(g, h) = σ(g, h)/σ(h, g), then εδ = ε0.
That is, for any G-graded Lie color algebra L with a commutation factor ε, we can find a 2-cocycle
σ such that the twisted Lie color algebra Lσ is a Lie superalgebra Lσ = Lσ0 ⊕ L
σ
1 where L
σ
0 = L+ and
Lσ1 = L−.
Hence, the discussions of the previous section apply to Lie color algebras as well and there is a
corresponding equivalence of categories between the graded representations of a Lie color algebra L
and the graded representations of its cocycle twist Lσ. While this correspondence only exists between
the graded modules over Lie color algebras and Lie superalgebras, we are interested in modules over
the enveloping algebras of such algebras. Fortunately, the cocycle twists of Lie color algebras are
connected to their enveloping algebras in the following way.
Lemma 3.3. [15, Theorem 2] Let L be a G-graded Lie color algebra and let σ be a 2-cocycle on G.
Then there is an algebra isomorphism
U(Lσ) ∼= U(L)σ
where U(L) is considered as a G-graded associative algebra and U(L)σ is its cocycle twist.
Together with Corollary 2.3, we have:
Lemma 3.4. Let L be a G-graded Lie color algebra and let σ be a 2-cocycle on G. Then U(L) has
property (⋄) if and only if U(Lσ) does.
The previous lemma and the Morita equivalence between U(L) and its cocycle twists allow us to
reduce our study to that of the enveloping algebra of a Lie superalgebra. Recall that a central abelian
direct factor of a Lie algebra L is an abelian Lie subalgebra A of L such that L = A×B for some Lie
subalgebra B of L. We can now state the main result of this note.
Theorem 3.5. Let L be a finite dimensional nilpotent G-graded Lie color algebra with a commutation
factor ε. Let σ be the 2-cocycle such that the twisted algebra Lσ is a G-graded Lie superalgebra with
Lσ0 = L+ and L
σ
1 = L−. The following statements are equivalent.
(i) U(L)-Mod has property (⋄);
(ii) U(Lσ)-Mod has property (⋄);
(iii) U(Lσ0 )-Mod has property (⋄);
(iv) Up to a central abelian direct factor, Lσ0 is isomorphic to either
(a) a nilpotent Lie algebra with an abelian ideal of codimension one,
(b) the five dimensional Lie algebra L5 with basis {e1, . . . , e5} and nonzero brackets [e1, e2] =
e3, [e1, e3] = e4, [e2, e3] = e5,
(c) the six dimensional Lie algebra L6 with basis {e1, . . . , e6} and nonzero brackets [e1, e3] =
e4, [e2, e3] = e5, [e1, e2] = e6.
Proof. The equivalence of (i) and (ii) follows from Lemma 3.4. (ii) ⇔ (iii) ⇔ (iv) from Lemma 3.1
and [9, Theorem 1.1]. 
4. Nilpotent Lie algebras of almost maximal index
A Lie algebra g is said to have almost maximal index if ind(g) = dim(g) − 2. According to [9,
Proposition 5.3], a finite dimensional nilpotent Lie algebra has almost maximal index if and only if it
is one of the Lie algebras appearing in Theorem 3.5(iv).
Finite dimensional Lie algebras with an abelian ideal of codimension one are in one-to-one cor-
respondence with finite dimensional vector spaces V and nilpotent endomorphisms f : V −→ V .
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Given such a vector space and a nilpotent endomorphism, one defines a Lie algebra structure on the
vector space L = kx ⊕ V by defining [x, v] = f(v). A typical example of this construction is the n-
dimensional standard filiform Lie algebra, which is the Lie algebra Ln with a basis {e1, e2, . . . , en} and
whose nonzero brackets are [e1, ei] = ei+1 for i = 2, 3, . . . , n − 1. For instance the three dimensional
Heisenberg Lie algebra is the three dimensional standard filiform Lie algebra.
The n-dimensional standard filiform Lie algebra Ln is realized in the above sense as a vector space
Ln = kx1 ⊕ V where V is the span of the elements x2, x2, . . . , xn with a nilpotent endomorphism
f : V −→ V given by f(xi) = xi+1 for all i = 2, 3, . . . , n− 1.
It turns out that the standard filiform Lie algebra is the only finite dimensional nilpotent Lie
algebra with an abelian ideal of codimension one, up to isomorphism. First note that for any nilpotent
endomorphism f on a finite dimensional vector space V , there exists a basis {v1, v2, . . . , vn} of V such
that f(vi) is either zero or equal to vi+1 for all i = 1, 2, . . . , n − 1. Now, let L = kx ⊕ V be a finite
dimensional nilpotent Lie algebra with an abelian ideal V . Then, V has a basis {v1, v2, . . . , vn} such
that [x, vi] is either zero or vi+1, for all i = 1, 2, . . . , n− 1. Without loss of generality, we may assume
that [x, v1] 6= 0, applying a change of basis if necessary. If [x, vi] is nonzero for each i, then L is
standard filiform. If [x, vi] = 0 for some i > 1, then L can be written as the direct sum of a standard
filiform Lie algebra L1 = 〈x, v1, v2, . . . , vi〉 and an abelian Lie ideal L2 = 〈vi+1, vi+2, . . . , vn〉, therefore
proving our claim.
The above discussion shows that if L is a finite dimensional nilpotent Lie algebra, then U(L) satisfies
property (⋄) if and only if L is isomorphic, up to a central abelian direct factor, to L5, L6 or to a
standard filiform Lie algebra.
5. Gradings on nilpotent Lie algebras of almost maximal index
In this section we collect together results on the classification of group gradings on finite dimensional
nilpotent Lie algebras of almost maximal index. Two gradings Γ : L = ⊕Lg and Γ
′ : ⊕gL
′
g on a
Lie algebra L by an abelian group G are called isomorphic if there is a Lie algebra automorphism
ϕ : L −→ L such that ϕ(Lg) = L
′
g.
5.1. Gradings on L5 and L6. Let us first consider the gradings on L5 and L6. These are free
nilpotent Lie algebras, in particular, L5 is the free Lie algebra with two generators of step three
and L6 is the free nilpotent Lie algebra with three generators of step two. Finite dimensional free
nilpotent Lie algebras are members of the larger class of free algebras of finite rank in nilpotent varieties
of algebras. The gradings on these algebras have been classified by Bahturin in [1]. If Fn is such an
algebra with a generating set {x1, x2, . . . , xn} then there is a standard Z
n-grading on Fn obtained
in the following way. We let α = (d1, d2, . . . , dn) ∈ Z
n and Fαn be the span of all the monomials
whose degree with respect to each generator xi is di, i = 1, 2, . . . , n. Then the subspaces F
α
n form a
Z
n-grading on Fn as Fn = ⊕α∈ZnF
α
n (see [1]).
Then the corresponding standard gradings on L5 and L6 are as follows.
(1) If L = L5 then L = ⊕(a,b)∈Z2L(a,b) where L(0,1) = 〈e1〉, L(0,1) = 〈e2〉, L(1,1) = 〈e3〉, L(2,1) =
〈e4〉, L(1,2) = 〈e5〉 and all other summands are zero.
(2) If L = L6, then L = ⊕(a,b,c)∈Z3 where L(1,0,0) = 〈e1〉, L(0,1,0) = 〈e2〉, L(0,0,1) = 〈e3〉, L(1,0,1) =
〈e4〉, L(0,1,1) = 〈e5〉, and L(1,1,0) = 〈e6〉 and all the other summands are zero.
Essentially, the above standard gradings are the only gradings on these Lie algebras in the sense
that any grading of these algebras are induced from the standard gradings. More precisely, if G and
H are abelian groups and α : G −→ H is a group homomorphism, then a grading Γ′ : V = ⊕h∈HV
′
h is
said to be induced from the grading Γ : V = ⊕g∈GVg if
V ′h∈H =
⊕
g∈G: α(g)=h
Vg.
Then, it follows from [1, Theorem 1] that any G-grading Γ on Ln is induced from the standard
Z
n-grading by a homomorphism α : Zn −→ H, n = 2, 3.
For two gradings Γ : ⊕g∈GAg and Γ
′ : ⊕h∈HA
′
h we say that Γ
′ is a refinement of Γ (or that Γ is a
coarsening of Γ′) if for each h ∈ H there exists g ∈ G such that A′h ⊂ Ag. A grading Γ which does
not have a proper refinement is called fine. It turns out that the standard grading is also the only fine
abelian group grading of the Lie algebras L5 and L6, up to equivalence, see [1, Corollary 3].
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5.2. Gradings on Standard Filiform Lie Algebras. Gradings on standard filiform Lie algebras
have been classified by Bahturin et al. in [3] and they are parallel to gradings on free nilpotent Lie
algebras. Let L = Ln denote the n-dimensional standard filiform Lie algebra. Then L has the standard
grading defined by L = ⊕(a,b)∈Z2L(a,b) where L(1,0) = 〈e1〉, L(s−2,1) = 〈es〉 for all s = 2, 3, . . . , n and
all other summands are zero. In this case, any G-grading of Ln is isomorphic to a coarsening of the
standard Zn-grading [3, Theorem 12].
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